It has been claimed for some time that the scalar Volterra integral equation of the second kind has a maximum solution under rather mild hypotheses. We present and discuss a counterexample to this claim.
Introduction.
It has been claimed for some time that the scalar Volterra integral equation (1) u(x) =f(x) + f k(x, t, u(t))dt, xG [a,b] , always has a maximum solution when solutions are continuous and /, k satisfy rather mild hypotheses [3] , [4] , [5] . Our purpose in this paper is to present and discuss a counterexample which may be of some independent interest. We begin with a few definitions and basic facts.
For simplicity we assume in (1) that: (i) / is real-valued and continuous on the compact interval 1 = [a, b]; (ii) kix, t, u) is real-valued and continuous on IXIXR where R denotes the reals. Under these hypotheses Nohel [4] has shown that (1) has at least one continuous solution m(x) on some interval /" = [a, a]QI.
By definition a solution um(x) of (1) with the property that every solution m(x) satisfies uix)-Uinix) on their common interval of existence is called the maximum solution of (1) on that subinterval.
A minimum solution may be defined similarly. Clearly a maximum (minimum) solution is unique if it exists. With certain restrictions on kix, t, u), Sato [7] discussed the existence of a maximum solution of (1). It was announced by Nohel [4] (a proof was offered in [6] ) that (1) always has a maximum (minimum) solution on some interval Ia. In particular, if all solutions exist on I then (1) has a maximum solution on I. That Nohel's claim is not true in general is a consequence of the following counterexample.
The counterexample.
This counterexample may be of independent interest since explicit examples are not numerous in the theory of integral equations. Consider the integral equation (2) u
where w1/2=|«|1/2 sgn u for any real number u. Since the kernel k(x, t, u) = -xu112 is continuous and satisfies | k(x, t, u)\ S\u\1/2, it follows from elementary comparison considerations that every solution of (2) We will show that »i(x) = -x-1wi(x) is the maximum solution of (3) on [ -1, 0]. The point x = 0 is of no importance since it is a removable discontinuity for viix). From this it follows that v2(x) = -x_1m2(x) is the minimum solution of (3) on [ -1, 0] . Since the solution curves of (3) are symmetric with respect to the origin, it is a simple matter to verify the extremal properties of «i, u2 stated earlier.
The proof that vi is the maximum solution of [ -1, 0] is a simple modification of the usual arguments. We will sketch them here. Let n be a positive integer and consider the initial value problem
Since -x1/2>0 on [ -1, 0) it follows from standard arguments [2, p. 25 ] that limn_Miv(x, n) =Vm(x) uniformly on [ -1, 0], where vm(x) is the maximum solution of (3) and v(x, n) is a solution of (4). However, (4) can be integrated implicitly to give (5) 2v(x, n)1'2 -2«-1 ln(nvix, n)1'2 + 1) = -f t"2dt.
Since v(x, n) ^v(x, 1) it follows that limB^.w»-1ln (nv(x, »)1,2+1) =0. Taking limits in (5), we see that
and hence the counterexample is complete.
Conclusions. Roughly speaking, the proof offered by Nohel [ö] fails since one generally cannot "patch together" solutions of integral equations and expect to obtain solutions on larger intervals. Indeed, this was demonstrated in the counterexample. This is in contrast to the situation in ordinary differential equations where "patching" techniques are applicable [l, pp. 45-47]. In view of this observation, it is clear that the important open problem is then to prescribe conditions on /, k which imply that the maximum of any two solutions of (1) is again a solution. With such information available, one could use the results given by Walter [8, p. 24 ] to formulate general theorems concerning the existence of a maximum solution of (1).
We note that for fixed x the kernel -xwI/2, of the counterexample, is nondecreasing in u when -1 = x = 0 and nonincreasing in u when
O^x^L
It is well known that (1) has a maximum solution iî k(x, t, u) is nondecreasing in u for each fixed x, /. However, the monotonicity of k is not a necessary condition since the Volterra equation u(x) = x j u(tyi2dt, x G [-1, 1], has a maximum solution on [ -1, l] . This follows from the results of Sato [7] . It is an open question as to what extent, if any, Sato's kernel hypothesis can be weakened.
